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Outline

Background and previous work on Charlier polynomials: open
guestion.

Solution to the open question: Construction of RHP for Abarl
Reduce the problem from discrete RHP to continuous one;
Deift's method is applied to simplify the RHP.

MRS number and the potential function g.

Main results and the estimate of zeros.

Comparison with past ones.
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Charlier polynomials

the Charlier polynomialéﬁga) (x) is defined by
@) = S () () jr( gy
C\) (1) Z(Q (k>k( a)" a > 0.
k=0
Discrete orthogonality
Y COHCW ()% = e"amnlbp, (1)
j=0
with nodes at integers=0,1,2,--- .

Three-term recurrence relation. Indeed, we have

C(a)l(a:) =(z—n—a)CW(z)— anCT(La_)l(:c); (2)

n—+
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Asymptotica whenn large

Difficuly in deriving asymptotics: they do not satisfy a sadeorder
linear differential equation in the independent variahle

Goh [1998] studied the asymptotlcs(dﬁ ) by dividing the
pOSlthGCE—aX|S Into seven reglons.
D{z:x=0n,14+e< < M},
Q) {z:z=n+a+an'? 22+ <a < M},
(3) {z: 2 =n+a+ 2y/na+ tn'/5 t bounded,
W) {z:z=n+a+an'/? —2a% +e<a <242 ¢},
5){z: 2 =n+a— 2a"?n'? 4+ tn'/% ¢ bounded,
6){z:z=n+a+an'’? —M <a<-2d"2—¢},
(N{z:z=pne<B< 1—5},
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Goh’s result

In particular, for regions (3) and (5), he gave, respedgtjvel

(a)
Ch (CC) _ 63@/2(an>—1/6(2>(az—n)/2 (Ai(ta_l/G) 4 O(n_1/21>)

n! a
(3)
with = n + a + 2v/na + tn'/%, and
Cf(za) (z) 3a,/2 —1/6/ "\ (z—n)/2 n
) 30/ an) /S22 ()
« {Re (ea:m'+m'/6|_|i(ta—1/66—7ri/3)> (4)

— sinmz Hi(—ta™ /%) + O(n_l/m)}

forz =n+ a — 2a'/?nt/2 + tnl/6 where

1 oo
H;(u) = ;/ euq_q3/3dq.
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Bo and Wong'’s result

Bo and Wong [1994]:fo) < e < 8 < M < oo,

(a)
Ch n('n/B) ~ 0 tnap—n(B—1)/2 {GOJn(ﬁ—l)@n\/E + bo\/EJ;L(B_l)(Qn\/E)} ,
(5)
whereag ~ 2 (v/B+1), bo ~1/(v/B+ 1),
o g1 ﬁ/(ﬁl)] (ﬁ) (l) -
0= (1-0)+Blog i+ | e ) 4o 1 51,
and
¢(B,n) = —— it 8 =1.
2n
Furthermore,

_ G- [ _ | BF1L 2 B/(B—l)] (ﬁ) (l)} -
p= 20 - [ 5~ VARCYS S
E=3+o(3) it B =1.

mn mn
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Dunster Mark’s result

In 2001, Dunster observed thﬁﬁ ) satisfies a second-order
linear differential equation (in the parameter
d*y dy
aw+(1—|—a}—n—a)da
By using known results for differential equations (a) wihturning
points, and (b)for intervals containing a double pole andaleascing

turning point

+ ny = 0.

six different subcases depending on the real parametansia.
His results are restricted to< (0, co).

Open question: can we obtain the asymptotics of the Charlier
polynomials in the whole complex plane?

Solution: RHP approach.
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Formulation of Riemann-Hilbert
problems

we first set
o1 .
Zl?j:(]—l—é), 7 =20,1,2...
and
1
mn(z) = C\W (z - 6)‘ (6)
Clearly, 7, (z) is a monic polynomial and satisfies
Zﬁn(a:j):c?zw(azj) =0, m < n,
j=0

where the weight function is given by

1 1
(@) = =
w\a,; — — .
J 1 o)
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Riemann-Hilbert Problem for Y

a2 x 2 matrix-value function” with the properties:
(Yo) Y(2)isanalyticforz € C\ {z;:5=0,1,2,..., };
(Y,) ateachnode;, Y (z) satisfies

(0 w(z;) )
Res Y(z) = lim Y (2) 22 :

szj Z—>£Bj

-
-

(Y.) asz — oo (not near the node points )

- (o) (70 )
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Lemma 1. The unique solution to the Riemann-Hilbert problem¥oris given by

( Tn (2) 1~ w(ag)mn () \

21 — zZ— Tk

Yn—1 i Tn—1(Tk)w(Tk)

21 =0 Z— Tk /

K Tn—1Tn—1 (Z)

wherey,, = 2i/e®a™n!.

Remove Saturated Regions: kg # n be a positive integer ity Gr], wherea,, andg,
are the Mhaskar-Rakhmanov-Saff (MRS) numbers and will berdened later.

Set
kn— _
szol(z_xj) ! 0

(7)
0 [15nst (= — o))
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H

W (H,) H(z)isanalyticforz € C\ {z; :j=0,1,2,..., };

(Hp) the jump at the pole;. is given by

o i) kﬁl( )?
I —XI
Res H(z) = lim H(2) 2i 44 E
Z=xp Z—T J=
0 0
fork =k,,kn +1,---,and
0 0
Res H(z) = lim H(z 24 Fn —1
Z=T ( ) Z— X ( ) ’ H (a:k —azj)_2 0
W) ;054

fork=0,---,kn — 1,

(H.) asz — oo(not near the nodes),

Zn—kn 0
qup%l Asymptotics of the Charlier Polynomials via the Ream-Hilbert Method — p. 11
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Removes the poles off

Let
1 0
R(z) := H(2) N 2etim(z+3) | (8)
T(3 —2)0(3 + 2)w(z) [[[25 " (z — )2
for z € Q2,
1 :|Z1 etim(z+3) I‘(1 — 2) (= + 2)w(2) kﬁl(z —x;)?
R(z) := H(z) 2 6 6 o ! 9)
0 1
for 2 € QY, and
R(z) :== H(z) (10)

for all otherz € C\ (24 U QY U X), whereX = (0, 00) U X% U XY. The domain§22,
QX and the contouE are depicted in Figure 1.
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Figure
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Figure 1: The domaing2%, QY and the contouE. The contour® is
dependent om we may choos&: so thatz /k,, is indendent of. for z € .
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RHP for R

(Ra) R(z)isanalytic forz € C\ %;

(Ry) R(z) satisfies the following jump conditions on the cudefor x € (0, kn,),

where

for x € (kp, 00),

0 1
where
1 1 5 o )
ro.n(x) = —cos(m(z + g)) F(E — x)F(E + az)w(az) H (x —xz;)%; (11)
7=0
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g function and the function ¢.

Definition 1. The logarithmic potentiad-functions are defined by

Bn
gn(z) = / log(z — s)un(s)ds, z € C\ [an,00) (12)
and
Bn
9u(2) = [ log(z = un(s)ds, 2 € C\ (~o0,B. (13)

Definition 2. The so-called-functions are defined by

Fn(z) = — / ) Un(s)ds (14)

an

forz € C\ ((—o0,0] U [an, )), and
On(z) = /Z vn(s)ds (15)

forz € C\ (—oo0, Bn].
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Here,v,(z) anduv, (z) are the analytic continuations of the density
function i, () (up to a constant multiple) and satisfy

— Up+ () = £mip,(x) forz € (ap, k) (16)

and

(@) = Emip(e)  forze (kB (17)
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—(n = k) [(Gn)+ (@) + (Gu)— ()] + log 71 (x) = constant (18)

forx € (an, kn), and
(n — kn)|(9n)+(z) + (9n)—(z)] + logr2 »(x) = constant (19)

forx € (kn, Bn).
Taking derivatives on both sides of (18) and (19) gives

(Gn,+ (@) + Gn,— (7)) = forz € (an, kn), (20)

and

forz € (kn, Bn). (21)

(9, + (@) + g, (2))
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Define a new function

Gn(z) = —/ 'un(s)ds = ig;(z) for z € C\ |, Bn].
a, S T~ (s
(22)
Then we hav&e (G,,)+(x) = tu,(x) for for x € (a,, 5,).
Define

( 1 7y, (o)
hl,ﬂ,(x) n — k‘n Tl,n(gj)) X E (Oény kn)a
hp(x) = <
—1 T,Q,n(x)
\ h2,n<x) _ n — kn T’Q’n(ﬂf)j X E (knaﬁn)
(23)
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o, andg,, are determined by

o N ()

ds =0 24
On \/(S_an)(ﬁn_s) i ( )
and ]
1 shy(s) B
27 oy Vomanoo o
(- 1 4y/alog 2 + ¢, log 2
o =n—2v/an +a+ 3 W\/(cn+2\/5)(2\/5—cn)+0(1)
\
B 1 4y/alog?2 — log 2 ¢,
S e vy e
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x_an

to.n(x) = L (arctan \/an(ﬁn —2) + arctan \/ﬁn — aj) , T € [an,Bn]. (27)

(n—kn)ln ~ —alog(na)+ <7m' — 2n — 2a + 4+v/na + log \/21)
a

+(1 +1loga)(n+a)+ (n+a)logn + 2a — 4v/na (28)

= 7m'—|—10g\/21—n+a+nloga+nlogn.
a

(n—kn))ln = (n—kn)(n+ 2mi)
= (n—kn)ln +2(n — kn)mi.

(n — kn)lp ~ 2(n—l~cn)7r7l—|—7r’i—|—10g¢1 —n+a+nloga+ nlogn. (29)

Global As ma&ics of the Charlier Polynomials via the Ream-Hilbert Method — p. 2(



Construction of the Parametrix

z € I, where f(z) and f(z) are defined by

f(2) = [Engn ()]
_ (z=Bn)1/4

T (z—an)1/4

ensure thayf% (z)/an(z) is analytic forz > k,,, with no jumps onl".

f(z) = [%nq;n(z)} 2/ , anda,,(z) is given by

which is analytic inC \ [a.,, Br]. The functiona,, (z) is introduced to

an(2)
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Figure 2: The domains I, I, [lIl and IV
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Construction of the Parametrix

Approximate solution to the RHP fdR is

~ Lin—kn)lnos — o3 cllUlIV
B(e) m {62 Q(z)r2,n(2) " 272, =2 : (30)

1 7 1
e2(n=kn)lnos o )T1.n(2)293, zelUI.

N

Indeed, one can verify that

ay)
+
B
I
iyl
|
&
R

and thatR(z) satisfies the large--behavior given in(R..).

Global Asymptotics of the Charlier Polynomials via the R@am-Hilbert Method — p. 22



Construction of the Parametrix

~

S(z) 1= e~ 2(n=kn)nos R(2)(R(z))~lez (Phn)ines,
(Sa) S(z)isanalyticforz € C\ (I'U X);
(Sp) forz € (—o0,0]UT,
S4(2) = S_(2)Js(2),
where
Ts () im e BB R (2)(Ry () Ted (R, 31)
forz € ©Y,S1(2) = S—(2)Js(z), where
1 rY
0 1
for z € £2 ,54(2) = S—(2)Js(z), where

~ 1 0 -
JS(Z) = e_%(n—kn)an3R(z) (R(z))—le%(n—kn)lngg’
7“:% 1

JS(Z) = e_%(n—kn)anBR(z) ( ) (R(z))—1€%<’n—k‘n)ln03;

(Sc) forz € C\ (—o0,0]UT, S(z) =14 O (

N

) asz — oo
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main result

T (2) = [~w(z)] " ez (P hnlin [Ai(f(Z))A(z,n) + AY'(f(2))B(z,n) |, for
Rez > an + dv/n, whereA(z,n) andB(z,n) are given by

1
A(zm) = L5 (S11(:) —iS12(=),  Bleyn) = 223(=50(2) — i812(2)), and

d < 2+/a is a small positive number.

mn (2) = [—w(z)] "2 ez R
{ [cos(n(= + ) Bi(F(2)) + sin(n(= + 1)) Ai(F(=))] Az, )
+ [eos(m(z + 2)) BY (=) + sin(r(z + 7)) AV (7(2)] B(z,m)

forRez < Bn — dv/n, 0 < |arg(z)| < m;
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main result

ﬂ-n(z) — [_w(Z)]_%e%(n_kn)zn—l-knTri

{ [COS(ﬂ'(z + %)) Bl(f(z)) + sin(7w(z + %)) Al(f(z))] A(z, n).

+ [eos(m(z + ) BY(F(=)) + sin(m(z + 3)) AY(F(2)] B n>}

— [~w(z)] " 2ez (P Rn)intknmi ETGE ) [Ai(F(2)) Az, n) + AT (F(2))B(2,n)],
(32)

for Rez < Bn — 6/, 0 < |arg(z)| < 7. We take positive(negative) sign i (=~ 5)

whenz is above(below) the negative real line. The functidns:, n) andB(z, n) are given by
~ ~ 1 ~
A(z,n) = f(2)Tan(2)(S11(2) +iS12(2)), B(z,n) = - )il : )(511(Z)—755’12(Z))-

S11 Si2

Here in this theorem the matri
Sa1 S22

) tends to the identity matrix as — oo for

z in the relevant regions.
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Large zeros

Set

— Bn — Oy, k1 6n —|_ (7%
Cp = 9 dn L= )
2 2

and denote the roots af,(z) by

Znn < < Zop < Zin-
We also denote the zeros of the Airy function (4&i) by
e < =T < —1 < 0.

Theorem: For any fixedt € N ={1,2,3,--- , }, we have

+ O(

1
%), asn — oQ.
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Small Zeros

Theorem: For any fixedt € N ={1,2,3, ..., }, we have the
estimate of the small zeros dﬁ“)(z) as

Zn—k+1n = k — 1 4+ an exponentially small term, as— oo.
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Comparison our main results with earlier ones in two regi¢hps
T =n+a+ 2y/na+tn'/%, t bounded; (2)
T =n-—+a—2y/na+tn'/S:

(1):
1 %(a:—n)
7-‘-n(x + 6) - 630,/2 (E) (an)_1/6 Ai(ta_1/6)<ta_1/6)7
n! a
(2):
Oy (2) (24 §)  aap ()@
n B n o p3a/2 (17 —1/6(_1)n
n! N n! ¢ (a) (an) =1

«9 Re [eiﬂz+i7r/3 Ai(e”i/?’ta_l/fj)} ,

Both of them do agree with past results!
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Summary

The polynomials considered in Baik et al.[2007] are orthw@n a finite number of nodes,
but Charlier polynomials are orthogonal on an infinite nunddenodes.

We do not make any scale changezirsince we do not know a priorily what scale will work
best.

To remove all the poles;, of the matrixY” and to makeR (z) and R_ () continuous on the

positive real axi$) < x < oo, we use the Gamma functidi(+ — 2)['(2 + z) instead of the
N—1
finite product [] (z — zx).
k=1
The computation of equilibrium measure and the MRS numbhgrandg,, is also done in a
different manner.

We need only three asymptotic expansions to describe thevimlof C,(@“) (z) for z in the
whole complex plane, whereas seven such formulas are ugailiret al.[2007] for the same
purpose; see Theorems 2.7, 2.9, 2.10, 2.11, 2.13, 2.15ir2thhé same reference.
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